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ABSTRACT

In this note, based on 3 or 5 order statistics out of
n order statistics, nearly asymptotically efficient estima-

tors are obtained for Cauchy and logistic distributions as

well as normal distributions.
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1. INIRODUCTION

In 1046, to estirmte the location paramcter O of nomal distribu-

tion N(6,1), Yosteller considered estimators of the fom
~ k
0 =

r~

4 C.i'v"(ni), (1.1)

e M Ceae € Y e statistics aoe ) sample
where X (n) are the order statistics of a randon sapple

v 5 \Y = : 3 P - <
Xi"""‘n from 13(6,1), n, [nai.l +]1 with 0<a1 e <O 1,

S

¢, 's are
i

constants and [nai] is the largest interer less than or ecqual Lo nag .

Assuming equal weights ¢y = ... FC = 1/k, for cachi It = 1,2, ..., he

found the optimal choice for(a] yeoo, ) Tor which the asyrintotiec vari-
. S

ance of 0 is minimized. TIn this note, we genepalive his wors into two
directions. Tirst, rather than nomnal Jdistritmtion, an arbhitrory dis-
tribution of a location parameter 0 with p'f f(x-") ie considered, where
I is assumed to he known. Second, instond of giving cqual weizhts for

(cl,.. +,G ), the optiram weights are detemine’ slonswith the optiom
spacings for (nl' oo ,nl_) or ((1] yeroth ). Althongh omr arpanent is oppli-

cable to goncral % = 1,3,..., bechse of anaYvtieal corplication ana
Lecanse of satisfactory achicvement of relstive covmtolic officiency,
we discuss the case of k = 0 in details ond "»viefle treat the ecase of

k=058, In section 3, the result is opplic? Lo 17e Canehy dbstritmtion

with pf

f(x=0) = 1/MI+(x=") ), = =7 e v (1.2)
and the logistic distribution with pdf
(x-n) ° . n

f(x-9) = c’(""e)/ (1407 L (1.2
as well as nomal distribution. As j= well Dnovn o corptational (Qif-

ficulty is involwedl imn deriving the "77 s Conivam TitieTihoo ! e timators
y

R i




of 0 for the ristributions (1.2) and (1.0 “n the other hand, it is
also well known (e.g.l11) that for anv (x-8) satisfving certain ropu-

larity conditions, with k = n and suitable ey ci(n,r) (inovn as seore

function), (; in (1.1) becames a DAY (host asyrptotienlly nomal) estin-
ator. Comparcd to the BAN estimators, our eostinators hove o creat come
putational rmerit and yet are neorly efficicont. In fact, the cestinators
in this notc use only 5 or 5 order statistics out of n order statisties
however large n rmy be and attain at least f:ﬂ.’. aswvaptotic efficiency,
relative to the NAN estimators. lore specifically, in the Cauchy case
the RAE gelative asymptotic efficiency) of the medion alone is 017,
but the NAN's of our optinmm ostimators with X = 0 an? < = 5 are 870
and 90 respectivcly. In the logistic case, while the DAL of the median
alone is only 75%, the NAT of our optimm cstimator with 1= 23 is sur-
prisingly 03.8%. It is noted that the optimnl weights ¢.'s in these
estimators are constants imlependently of n. Iurtber, omr cctitators
are briefly conpared to similoxr estinators considered in Onatwirth
(1966).

Ve ramark that, associated with rotwst est imitors, cctinators of
the form (1.1) with k = n have been trceatoed in poreat mony papers (e,
tsl).

2. Jain result. Tet T he the elivis of contitmansdy i Torent (e

ad sypaetric pdi's on U7 with respect to (o T cierne oepemre, ol
SU OposC ::1""'::11 e doilds with pI0 0(-n) were T T i e ondd
let ":(]) Loeee O "-(n) hoe the eorresnontine st el e s St hey

for any I, let C < iy oo €y €1 Be prerd v an” Vet S
[

ay = quwntile of the population vhen 0 = 0§ 0,




(4]
-

T Jf‘i f(x)x - i’(".i,‘ (".1)

Lr]
we assume that '1'(§i) >0 (i=1,...,R). “efline the saople quantiles by

X 's where ﬂi - [nrlj] + 1 (i=1,...,%). "o ostiate the location

i ]
paareter 8, vwe consider the class of lincar cutirntors of ¥ oy
i A

'

< of

the .om,

0= 2,y Feoed ey, v WhOTE (R eenny ) E AT AP

As is well known (i1: p. 17), as p » o, the joint liatrilntion of

(x(nl )»...,f‘.(‘1 )) converres to i X=variate nornal cdistribution with
.

mean (0 + 51,... ,0 + !’,]_) anG covariance matrix g{((ni i)), where

= (e, i iV,
Uij ui(l-uj)/f(t,i). ( .J) (i< .0
herefore, for any 0 in (2.2), the asyrptotic Jistriluiion of N in
normal with mean y = i ai(G + Ei) anst vavinmee 2 /) wlbere
i=1
2.8 2 a2, o Nrees v
= N, LRI R i b
° 1£1 ay oy (1= )/17(Ey) A trtgy (T TR )
(2.4)
" [ ; gty (1-0 ) /110
Tor 0 to be consistent for 0, the conditions
; )
2, =1 and ) a . =" (2.5)
j=1 1 =1 17

arc necessary ans sufficient. Jet € e the clazo of cotiintor. of the
form (2.2) satisfying: (2.5). Then finding a miniomn asyvptotic variance

estimtor in Cl' is equivalent to nininizing; (2.0) <0ttt respeet 1o (.')1,...

°k) and (nl....,cnk) suhbject to (2.3). ™ to the soreelry of T, Tor &
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odd, we include the medion .‘I( My, 1) and chonse the other quantiles
51+

synmetrically about the median, i.e., @ = l—cv],, A, = 1-(11’_] ,eee O

equivalently &, = -&

1 , EZ = -Ek__l,... , and the weichts T A, Ay =

Mrreee o Then, clearly the second condition of (2.5) holds and

£(E)) = £(5), £(E) = £(§ o),

Case k = 3. 1In this case, 0 in (2.2) is of the form

~

O(a,‘o,ul) = a¥ + 4 + av

(1 e e

where X and X . are the sarmple o, and (l-a,) quantiles resnectively
(1) (3) 1 1/ 1 )

and .‘t(,,) is the median.  From the first condition of (7.5), 2a+'=1.

<

~

Triting f(El) = fl and f(f,z) = f(0) = f s the asyintotic variance of 6

in (2.4) is couputed as

o s 20 Ao Oy 1
e =t - et Sl al <l o
.~ 1'o 7 1o £ A0
1 o o o
“inimizing this with respect to a vields
2 o Aoy
_ _ .l ™ 1 o
ay = 2ufa,) = f';z" TTE J/zr-f-:,'- "t = P (2.8)
o ° 1 Lo 0
o(a,,n,) = o (1-2a,)/2020. 12 - da.f.f 4 £0) . (2.9)
* 1 201““]0-“}]0“] :

"o further minimize (2.0) with rospect to iy (re< T 1), 1et

Moy) = 1/8 = 17 (a))) /1, (2.10)

where T 1 is the inverse of T in (2.7). ™ecn minimizine (2.0

is enquiva-

lent to maximizing




2 2 s 0‘ n n
1/('0 g (:1*,(11) = (n—.’n.]) /011(]—. m]) + 0 (2.10)
which results in the cquation

n' (o) = [(1=d0g)/2q(1-20 ) 1 n(a)) = 1/(1=a)) (2.11)

In any specific problem, we first solve (2.11) for «11(0 <o, <1/2),

1
and then compute a, via (2.8). Finally frem (2.7 the minimmm asymptotic

b 2
variance o, = ¢ (a*(ul*), al*) is ohtained, where o, is the solution

1
of (C.11). !
2
As a remark, in order that o, be less than the asyrtotie variance
n
of the median 7((2), i.e., ]/41‘; , it is easy to see that

(o]

) .y 2] n
(fl* ,,foa]*) >0 (7.1
is necessary and sufficient. 'lcnce, unless

-1 ~
£ (agy)) = 20 g, (2.13)

”n

0, = 6(a,, b,, (11*) is asymptotically better than the medinn T‘((:,‘).

OCince (2.13) is irplied hy

(%) = 21(0)F (%) for a1l x, (2.14)
it follows in particular that in the case of the Jathle exponential den-
sity 1(x) = cexp(-|x])/2, 9, cannot improve over "(0). “wrther, we romark
that one of the optimal weishts (a*, 1) may tae nepative value,

Case k=5, In this case, 0 in (P.2) is of the fom

Q= O(a,b,c,nl,un) = :1‘(“) + h?'(‘,)) + Pt'(.’%) + *"'( "t "“"(5)' (7.10)
" v \g " hid < 1vee v o -
vhere 1y .\(2), ‘(4) and! (%) are respectively the Gy O (1 v‘,,),

and (1-(11) quantiles, ann 7‘(,}) is the medion (o - o, /M) e

B
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first condition of (2.5) yields 2a + Ch + ¢ = 1. Tot 1‘1 = f(€,1),

n
fn(gz) = {, and {(0) = fo. en o in (0.4) rotuces {o

2 2 " 2
o (a,h,C.G-l.a.,) =aA T ah a4+ N

where
2 Ay g g e e e TN
A = — - f + —-r‘ ’ T = TT — r r - ——-—‘— + —Iﬁ /
flu 10 [ 1'2 1o Too T
Q 0
20, Aa Za
2 i 1 1 .
Compf-gf +on  Prpp oo ¢
1 AR Sl 10
w (o] O
S \
r= = - ’
I.To 2 .
h 0
Mnimizing (2.16) with respect to (a,h) vield:
. A, = (D1 = 2/ (4N - 7y ‘Z
\(0.10)
he = (PAT - MY/ - 1)
and
l) [a)
” P+ I o o 1
00, by Uy 0y ) = = + o (2.19)
“ no- AAC 1w
(]
For rexdy reference, we record below
W-aAC = fag,-1) (- ) ot Ty
P I, 1, T o
fl 20 1720
~ 1 (2
+ 80 . M0, (o 1 o (1 1y
R RN % S ¥ N S O (R B V S O
fl.f2 f.'-‘,fn 12 1o 12 ., / f] i




-7
LA} 2] r‘,(:l \ h" ":ylv\
e R P %- e (7.21)
1o of |t Moo
[}
(2] ~ 1 .
+ u(!z }ﬂ & \\vgll 1 ‘.)ul «h] T ] \\) m,.’ ] 1‘11 11
= - T 75 T T -~ \F - 7T et ol B e S
2!'0 ' .rlr() < e f] ro Fol r.".’n 1 rl’o £°)°
0 0 1 o s

N
xact algebraic minimization of o'(a,, h,, o, T 1) with respect.

to oy and 1, Sems difficult althouph in specilic nrohlons, the solution

can be obtained numerically. It is rocorked that oven on ornroxinate

solution of (al, a,) coupled with the optimal weirhts (a*, h*) in (7.18)

)

A

may be useful in getting 0 botter than the medion ond closer to Chornoff,
Gastwirth and Johns' "AY estimator (see 1 0).

-~

3. Comparison of estimators. "he table 1 helow carPrricos featires:

of our optirnm cstimtors for k = 2 for normal, “mneby anl Toeistie

distributions.
SEPTE B i
T T { " 1 | e
‘L Oy 5 A, ‘ h¥=1-2a* ;l v /1 RN
tormal | o0.1622 | 0.2054 o.3800 1m0 | —
| 1 ‘I
! ! (1/3) +  (0.2) (n.4) § (1.2000) L)
| Cauchy { 0.0701 | -0.0207 1.0414 ’ DLoary n gn’gf;):
) | | | |
i l! (1/:\‘) } (N.3) .4 5 (2. H00n ; (8('{'); .
Toristic ! N. 2500 i 0.3 n.4 '} N0 - | r‘.n,.sl“: ‘i
i i
| } (1/3) } (n.3) (0.4) 1 (2.077) ENCO LY .4
i { . i !
llere the numbers in the parentheses are those obtaines from the view-

point of rohustness by Gastwirth (1966), and 1/T d¢ the amaeptotic
miniram varianee of the DAY estimator where T denotes the Vicher infor- '
mation, In the normal case, while the 74T of actellor'a cotioator

with k = 3, ny = N.1820 and cqual weirhts is £87, the AT of our ertim-

ator is WY, Corpared to Gastwirth's robust estirntar ohiech i the




-
same form s our estimators, naturally our - ,cimtors perfom etter
since in our case, lnowing the form of f, the optimal weic'us with
optiral spacings arc obtained. This might suprest that, vhen n is
larpe, it will he better to trv to know the form of f rathor than to
apply "rohust’ procodures. ilowever, for coxarple, testine the normal-

~

ity in an cfficient way is not an ecasy task, Since for "=, the

NAT of Cauchy case is still less than 2., we cormutes! the cnse of

i = 5 numerically. The resultin; optirum values are as [ollowvs

¥

a, = -0.0720, h, = 0.0435, ¢, = 0.7012

"

ty = 0.16, a,, = 0.19 and o, = 2.22 .

In this case, the PAI of 0, is 90.17. It is noted that when k= 3

and k = 5, some of the optinmal weirthts are negative, which is consis-

-~ -t PR IRV N

tent wit the recult Yy Thernnll, Tostoirth ood oo
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